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Antiferromagnetism and pairing in strongly correlated systems
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A competition between antiferromagnetism ands- or d-wave pairing in thet-J model is analyzed beyond
the mean-field level. In order to project out the states with doubly occupied sites the electronic self-energy
calculated for the infinite-U Hubbard model is introduced in the effective Hamiltonian. Then the Green’s
function technique has been used to solve this approximated model.@S0163-1829~97!06805-7#
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I. INTRODUCTION

It is now ten years after the unexpected discovery of hi
critical-temperature superconductivity~HTSC! in the
cuprates,1 but the understanding of the phase diagram
these materials is still one of the most important issues
current physics. There is a lot of evidence that the interp
between magnetism and superconductivity is an impor
factor determining the mechanism of HTSC. Thus numer
works, both experimental and theoretical, have been dev
so far to understanding the ‘‘magnetic aspect’’ of HTS
This paper is also dedicated to this problem: Assumin
purely electronic mechanism of HTSC, magnetic and sup
conducting phases are analyzed in the framework of on
the simplest models of high-Tc materials: thet-J model.

A common feature of the oxide superconductors is
presence of active CuO2 layers with fourfold-coordinated
copper ions and twofold-coordinated oxygen ions, separa
by charge reservoir building blocks. There is considera
evidence that these layers are responsible for supercon
ing as well as the anomalous normal-state properties, bu
charge carrier concentration is controlled by the modificat
of the reservoirs through the substitution or addition of ox
gen.

In 1987 Anderson suggested that the one-band Hubb
Hamiltonian with a strong Coulomb repulsion can be r
evant for the description of the origin of high-critica
temperature superconductivity.2 This idea was based on th
possibility of superconductivity arising from condensation
nearest-neighbor singlet pairs induced by Coulomb inte
tions, suggested in 1985~Ref. 3! in connection with heavy-
fermion systems. He proposed, as an explanation for HT
in oxides, that single pairs~valence bonds! preexisting in a
half-filled ‘‘resonating valence bond’’~RVB! insulator4

would condensate into a superconducting state if the sys
were doped away from half-filling.

According to the Anderson’s suggestion, the Hubba
Hamiltonian in the large-U limit was commonly used as
starting point. Thus numerous works have been devoted
far to clarifying the physical properties of the stron
coupling Hubbard model. Although simple in appearan
the model cannot be solved exactly except in one dimen
through the Bethe ansatz.5 Even there, the exact solutio
provides only partial information about the system, and o
very recently has the complete phase diagram b
calculated,6 using a simple relation between the spectrum
550163-1829/97/55~6!/3943~11!/$10.00
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low-lying states and the correlation exponents. In more th
one dimension, i.e., in the most interesting in connect
with the HTSC case, the model is not exactly solvable an
variety of approximate techniques has been used to stud
The only rigorous result thought of to be applicable to high
dimensions is a theorem due to Nagaoka,7 the importance of
which has often been exaggerated in the literature.

The Hubbard Hamiltonian is given by

HHubb52t (
^ i j &s

~cis
† cjs1H.c.!1U(

i
ni↑ni↓ , ~1!

wherecis
† creates an electron of spins (s5↑,↓) at site i ,

nis5cis
† cis , t is the nearest-neighbor hopping energy, a

U is the on-site Coulomb repulsion. If sitei is occupied by
an electron of spins, the energy of the state with an electro
of spin 2s at site i is shifted byU relative to the state
without this electron. This causes, for large enoughU, the
band to split into two subbands: an upper Hubbard band
electrons moving on sites which are already occupied an
lower band for electrons moving on sites which are empty
the strong-coupling limitU@t for n<1 the actual hopping
on occupied sites is negligible~the expectation value
^nisni2s& is estimated to be of the order less th
e2(2W1U)/kBT, whereW is the bandwidth ofU50 system!,
whereas virtual processes of this kind are possible and c
the Heisenberg spin-spin coupling. These processes in
mentum space correspond to virtual electron hopping fr
the lower to the upper and then back to the lower subba
Thus, it is possible to carry out a canonical transformat
that removes the cross-subband hopping from the Ha
tonian. Such a transformation was derived in 1977 by Ch
Spałek, and Oles´.8

The resulting effective Hamiltonian can be written as

Heff5Ht
1→11Ht

2→21V1Hex1HD , ~2!

where the first and second terms describe the kinetic en
of electrons in the lower and upper subbands, respectiv
V is the Coloumb interaction between two electrons on o
site, and the last two terms describe interactions which or
nate form the cross-subband hopping:Hex is the Heisenberg
antiferromagnetic Hamiltonian andHD includes hopping in-
volving three sites. Under the conditionU@t the upper sub-
band is empty forn<1. Thus one can take into account on
states with no doubly occupied sites. The second approxi
3943 © 1997 The American Physical Society
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3944 55MACIEJ MAŚKA
tion, frequently applied to this Hamiltonian, is to neglect t
interactions involving three sites. Consequently,Heff taken
between states with no doubly occupied sites~and upon ne-
glecting the three-site terms! is reduced to the so-calledt-J
model:

HtJ52t (
^ i j &s

~12ni2s!cis
† cjs~12nj2s!

1J(̂
i j &

~Si•Sj2
1
4ninj !. ~3!

In the literature one can meet some extensions to the ab
model. Namely, the next-nearest-neighbor hopping~the
t-t8-J model!, the next-nearest-neighbour exchange inter
tion ~the t-J-J8 model!, or both phenomena~the t-t8-J-J8
model! are taken into account. Generally, the additional
teractions enhance the critical temperature9 and stabilize the
Néel and spiral states against the phase separation.10

At half-filling each site is occupied by one electron a
therefore the first term in thet-J Hamiltonian vanishes. The
model becomes an antiferromagnetic Heisenberg mo
This is a welcome result since the existence of antiferrom
netism has been clearly established experimentally in
new materials. Then, the most important situation cor
sponds to the analysis of thet-J model with doping.

Naturally, one of the crucial goals would be to understa
the full phase diagram of the model. Many researchers h
tried to head in this direction using various approximatio
Unfortunately, these approximations are not always c
trolled to the extent that one would like them to be.

There are two main kinds of the approaches to thet-J
model, namely, analytical and numerical. The fundamen
obstacle that appears in the analytical approaches is the
ficulty in handling the local constraint of strong repulsion
a satisfactory way. Therefore, apart from a few analyti
results @e.g., in one dimension thet-J model is exactly
solved by the Bethe-ansatz method forJ52t ~Ref. 11!#,
most work on thet-J model has been done using numeric
techniques, which can handle this constraint exactly. Am
others, exact diagonalization of small systems,12 variational
calculations,13,14 and various realizations of quantum Mon
Carlo simulations15 are used to obtain the properties of th
model. Unfortunately, also numerical methods meet so
serious problems. As in exact diagonalization the compu
time increases exponentially with the size of the system,
the method becomes of limited use, especially in more t
one dimension, while the fundamental difficulty in the qua
tum Monte Carlo calculations is the famous sign proble
which reduces the usage of this method at low temperatu

II. SELF-ENERGY APPROACH TO THE t-J MODEL

In the previous section it was mentioned that the sing
occupancy constraint is one of the main problems which
pear within analytical approaches to thet-J model. The
simple renormalization of the hopping integralt→t85dt,
proposed in the early paper of Baskaran, Zou, a
Anderson,16 is not valid in the case of smalld, where the
dynamics of holons becomes important.17,18This approxima-
tion has been improved by Zhanget al.,19 who used the
Gutzwiller approximation to obtain an effective Hamiltonia
ve
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with the hopping and exchange integrals replaced by
renormalized ones as follows:t→t85f tt, J→J85fJJ,
wheref t52d/(11d), fJ54/(11d)2.

The slave boson technique is another possible way
treating the constraint. But in the framework of this approa
the single-occupancy constraint, expressed bybi

†bi
1(s f is

† f is51, wherebi is a boson operator, representin
the holon, andf is is a spin-12 neutral fermion operator, rep
resenting the spinon, is not treated rigorously either.
mean-field-type calculations the boson operatorsbi are re-
placed by ac numberr5^bi&, and thus the constraint is, i
general, satisfied only on average, i.e.,̂bi

†bi
1(s f is

† f is&51. The second approximation, usually appli
to the slave boson Hamiltonian, is to replace the local c
straint by the global one, i.e., as an average over all lat
sites. This corresponds to takingl i5l, independent of the
lattice site.

Unfortunately, as was recently shown by Zhanget al.,20

these approximations may lead to a significant number
doubly occupied sites, despite the infinite on-site repulsion
the original model.

The aim of this paper is to examine another approach
the constraint. This constraint originates from the stro
Coulomb repulsion between two electrons of antipara
spins at the same lattice site. Thet-J Hamiltonian incorpo-
rates it by the operatorsPis512nis , which project out the
states with doubly occupied sites. In the Hubbard model
electrons that hop on empty sites, i.e., the electrons that
fill this constraint, are in the lower Hubbard subban
whereas the others are in the upper one. This sugges
reintroduction of the Hubbard-Coulomb term into the Ham
tonian instead of the projecting operatorsPis . For large
enoughU this term leads to a splitting of the band into tw
subbands, where the lower one consists of electrons w
hop on empty sites. In the case ofU5`, for n<1 the upper
subband is driven out to infinity and all electrons are in t
lower subband. Moreover, forU5` the superexchange in
tegralJ54t2/U is equal to zero, and thus the reintroductio
of the Hubbard-Coulomb term does not result in any ad
tional spin-spin correlations.

Following this idea we propose to write the effectiv
Hamiltonian as

H52t (
^ i j &s

cis
† cjs1U8(

i
ni↑ni↓1J(̂

i j &
~Si•Sj2

1
4 ninj !

~4!

5H8Hubb1HJ , ~5!

where the prime was used to distinguish the reintrodu
Coulomb energyU8 from the original one. In the Hamil-
tonian ~4! one has to putU85` in order to preserve the
single-occupancy constraint and only in this limit is the e
fective Hamiltonian equal to thet-J one.

Then some approximations have to be made to make
~4! soluble. As one of the approximations which is approp
ate for the first two terms in Eq.~4! (H8Hubb), a Green’s
function decoupling scheme was proposed by Hubbard w
successful results in the study of the Mott-Hubba
transition21 ~Hubbard III!. The third term in the Hamiltonian
~4! (HJ) is treated within the mean-field theory.
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III. EFFECTIVE HAMILTONIAN

A. Kinetic part

In order to take into account the additional infinite-U8
Coulomb correlations@the second term in Eq.~4!# we pro-
pose to replace electrons with hard-core quasiparticles
scribed, in general, by the Green’s function

Gs~k,v!5
1

v2ek2Ss~k,v!
, ~6!

where the self-energySs(k,v) contains all irreducible scat
tering events. The poles

Es~k!5ek1Ss„k,Es~k!… ~7!

of Gs(k,v) determine the quasiparticle spectrum. This lea
to the following renormalization of the one-electron Blo
energiesek :

ek→ ẽk,s~v!5ek1Ss~k,v!, ~8!

whereSs(k,v) stands for the Hubbard III electronic sel
energy calculated in the limitU8→`. The same method wa
used in Ref. 22 with a bit more refined self-energy, wh
preserves the first four spectral moments, in order to st
antiferromagnetism~without superconductivity! in the t-J
model.

The Hubbard III approximation does admit only spatia
uniform solutions, and thus one does not expect spuri
antiferromagnetic phases. This is important in connect
with the problem of the competition~or possibility of coex-
istence! between antiferromagnetism and superconductiv
in HTSC materials. The self-energySs(v) is given by

Ss~v!5
U8n2sv

v2U8~12n2s!
, ~9!

which means that within the quasiparticle approximation a
lifetime effects are neglected. Since the present analysis
not concern ferromagnetism, one may take the self-energ
be spin independent,S↑(v)5S↓(v)5S(v). In the limit
U8→` the self-energy~9! reduces to the form~for finite
v; the case of finitev2U8 corresponds to the upper Hub
bard subband!
e-

s

y

s
n

y

y
es
to

S~v!52
n

22n
v, ~10!

wheren5n↑1n↓52n↑ .
In order to take into account an antiferromagnetic sta

of the Hamiltonian it is necessary to break the spin symm
try. Therefore we divide the lattice into two sublatticesA and
B in such a way that all neighbors of a site from sublatt
A belong to sublatticeB and vice versa. Then we introduc
two kinds of creation~annihilation! operatorsak,s

† (ak,s) and
bk,s
† (bk,s) in the momentum space defined by

cis
† 55

1

AN(
k
ak,s
† e2 ik•Ri for iPA,

1

AN(
k
bk,s
† e2 ik•Ri for iPB.

~11!

Using the above definitions the kinetic part of the effecti
Hamiltonian in the momentum space can be written as

Ht
eff~v!5(

k,s
ẽk~v!~ak,s

† bk,s1bk,s
† ak,s!, ~12!

where

ẽk~v!5ek2
n

22n
v ~13!

and

ek5t(̂
i j &

eik•~Ri2Rj !. ~14!

In the case of simple square lattice the one-particle b
energies are given by

ek522t~coskxa1coskya!, ~15!

wherea is the lattice constant.

B. Exchange part

In order to analyze antiferromagnetic and supercondu
ing phases on equal footing we perform the mean-field f
torization of theHJ term,
Si•Sj2
1
4ninj→ 1

4 ^ci↑
† ci↑2ci↓

† ci↓&~cj↑
† cj↑2cj↓

† cj↓!1 1
4 ~ci↑

† ci↑2ci↓
† ci↓!^cj↑

† cj↑2cj↓
† cj↓&2 1

4 ^ci↑
† ci↑1ci↓

† ci↓&~cj↑
† cj↑1cj↓

† cj↓!

2 1
4 ~ci↑

† ci↑1ci↓
† ci↓!^cj↑

† cj↑1cj↓
† cj↓&2 1

2 ^ci↑
† cj↓

† 2ci↓
† cj↑

† &~cj↑ci↓2cj↓ci↑!

2 1
2 ~ci↑

† cj↓
† 2ci↓

† cj↑
† !^cj↑ci↓2cj↓ci↑&

5 1
2 ~Si

z2 1
2 n̄i !cj↑

† cj↑2
1
2 ~Si

z1 1
2 n̄i !cj↓

† cj↓1
1
2 ~Sj

z2 1
2 n̄ j !ci↑

† ci↑2
1
2 ~Sj

z1 1
2 n̄ j !ci↓

† ci↓2
1

A2
D i j* ~cj↑ci↓2cj↓ci↑!

2
1

A2
D i j ~ci↑

† cj↓
† 2ci↓

† cj↑
† !, ~16!
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where the following definitions were used

n̄i5^ci↑
† ci↑1ci↓

† ci↓&, ~17!

Si
z5 1

2 ^ci↑
† ci↑2ci↓

† ci↓&, ~18!

D i j*5
1

A2
^ci↑

† cj↓
† 2ci↓

† cj↑
† &. ~19!

Then it is easy to show thatHJ in the mean-field~MF! ap-
proximation can be written as

HJ
MF52J(̂

i j &
F n̄i↓cj↑† cj↑1n̄i↑cj↓

† cj↓

1
1

A2
D i j ~ci↑

† cj↓
† 2ci↓

† cj↑
† !

1
1

A2
D i j* ~cj↑ci↓2cj↓ci↑!G , ~20!

wheren̄is is defined by

n̄is5^cis
† cis&. ~21!

Assuming n̄is equal for all sites of a given sublattice w
introducenAs andnBs by the relation

n̄is5H nAs for iPA,

nBs for iPB.
~22!

Then the MF Hamiltonian~20! becomes

HJ
MF52

1

2
zJ(

jPB
(
s

nA,2scjs
† cjs

2
1

2
zJ(

iPA
(
s

nB,2scis
† cis

2
1

A2
J(̂

i j &
(
s

s~D i j* cjsci ,2s1D i j cis
† cj ,2s

† !, ~23!

where the coordination numberz is equal to 4 for a simple
square lattice. After performing the Fourier transformati
one gets

HJ
MF52J(

k,s
F z2 ~nBsak,2s

† ak,2s1nAsbk,2s
† bk,2s!

1
s

A2
~Dk* b2k,2sak,s1Dkak,s

† b2k,2s
† !G , ~24!
where

Dk5
1

N(
ps

s^b2p,2saps&g~k2p!, ~25!

g~k!52~coskxa1coskya!. ~26!

IV. EQUATIONS OF MOTION FOR THE GREEN’S
FUNCTIONS

Putting the terms~12! and ~24! together one obtains th
effective Hamiltonian

Ht-J
eff~v!5(

k,s
F ẽk,s~v!~ak,s

† bk,s1bk,s
† ak,s!

2~m1 1
2zJnB,2s!ak,s

† ak,s

2~m1 1
2zJnA,2s!bk,s

† bk,s

2
1

A2
sJ~Dkak,s

† b2k,2s
† 1Dk* b2k,2sak,s!G , ~27!

where the chemical potentialm was introduced to control the
doping concentration. Then one can derive two systems
the equations of motion for the Green’s functions appropri
for the evaluation of the sublattice magnetization and
RVB order parameter:

As~k,v!GWs~k,v!5vW , ~28!

A8s~k,v!G8Ws~k,v!5vW . ~29!

As(k,v) is 434 matrix with a block structure given by

As~k,v!5S v2k
2 D̃k

D̃k
† vk

1D , ~30!

where

vk
65S v6m6 1

2zJnA,7s 7 ẽk,6s~v!

7 ẽk,6s~v! v6m6 1
2zJnB,7s

D , ~31!

D̃k5S 0
1

A2
sJD2k

1

A2
sJDk 0

D , ~32!
GWs~k,v!5S Ks~k,v!

Ls~k,v!

Ms~k,v!

Ns~k,v!

D , G8Ws~k,v!5S Ps~k,v!

Rs~k,v!

Ss~k,v!

Ts~k,v!

D , and vW 5S 000
1

D . ~33!
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A8s(k,v) can be obtained replacing inAs(k,v) the sublattice indexA by B, Dk(Dk* ) by D2k(D2k* …, and vice versa. The
following symbols for the Green’s functions were introduced in the above equations:

Ks~k,v!5^^ak,sub2k,2s&&v , Ls~k,v!5^^ak,sua2k,2s&&v ,

Ms~k,v!5^^ak,subk,s
† &&v , Ns~k,v!5^^ak,suak,s

† &&v , ~34!

and

Ps~k,v!5^^bk,sub2k,2s&&v , Rs~k,v!5^^bk,sua2k,2s&&v ,

Ss~k,v!5^^bk,subk,s
† &&v , Ts~k,v!5^^bk,suak,s

† &&v . ~35!
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The Green’s functionsKs(k,v), Ns(k,v), Ps(k,v), and
Ts(k,v) are needed, in general, to calculate the sublat
magnetization and the RVB order parameter in a s
consistent way. However, if one allows only antiferroma
netic and nonmagnetic phases, the symmetrynAs5nB,2s

can be used, and then the Green’s functionsKs(k,v) and
Ns(k,v) are sufficient. These functions can be obtained
solving Eqs. ~28!. The explicit form of Ks(k,v) and
Ns(k,v) is given in the Appendix.

Applying the spectral theorem one finds for the need
expectation values

^b2k,2sak,s&52
1

pE2`

`

f ~v!ImKs~k,v1 i«!dv, ~36!

^ak,s
† ak,s&52

1

pE2`

`

f ~v!ImNs~k,v1 i«!dv, ~37!

where f (v) is the Fermi-Dirac distribution,

f ~v!5
1

ebv11
, ~38!

with b51/kBT. The poles and the residua ofKs(k,v) and
Ns(k,v) are needed to calculate the integrals in the rig
hand side~rhs! of Eqs.~36! and~37!. It is possible to find the
analytical expressions for these quantities, but they are ra
useless because of their complexity. Therefore we have u
numerical procedures to find these values:

Ks~k,v!5(
i51

4
a i~k,s!

v2v i~k,s!
, ~39!

Ns~k,v!5(
i51

4
b i~k,s!

v2v i~k,s!
. ~40!

Substituting Eqs.~39! and ~40! into Eqs.~36! and ~37! one
gets the expressions for^b2k,2sak,s& and ^ak,s

† ak,s& in the
following form:

^b2k,2sak,s&5(
i51

4

a i~k,s! f @v i~k,s!#, ~41!

^ak,s
† ak,s&5(

i51

4

b i~k,s! f @v i~k,s!#. ~42!
e
f-
-

y

d

-

er
ed

Then we can write equations for the RVB order parame
Dk and the mean spin-up~spin-down! occupation number pe
site in the sublatticeA and, via the relationnAs5nB,2s , in
the sublatticeB:

Dk5
1

N(
p,s

s(
i51

4

a i~p,s! f @v i~p,s!#g~p2k!, ~43!

nA,s5
1

N(
p

(
i51

4

b i~p,s! f @v i~p,s!#. ~44!

Since a i(k,s), b i(k,s), and v i(k,s) depend onDk and
nA(B),s , the above system of equations has to be solved s
consistently in order to obtain the phase diagram of
model Hamiltonian.

V. ANTIFERROMAGNETISM VERSUS PAIRING

The most elegant way to determine the phase diagram
to assume a general form of thek dependence ofDk , and
find all the solutions of the system of equations~28!, ~43!
and~44!. Then a comparison of the free energies correspo
ing to these solutions will indicate the actual one. Unfor
nately, such an approach requires a computational pote
that definitively exceeds our possibilities.

The simplest case, when the system is soluble,
s-wave pairing with an order parameter of the form

Dk5Ds~coskxa1coskya!. ~45!

However, some calculations for the case ofd-wave pairing
with

Dk5Dd~coskxa2coskya! ~46!

were also carried out.
Assumings-wave pairingDk can be expressed in terms o

the Bloch energyek :

Dk52
Ds

2t
ek . ~47!

The simplicity of the case ofs-wave pairing consists in the
fact that then also the quantitiesa i(k,s), b i(k,s), and
v i(k,s) depend onk only throughek . This allows us to
replace the two-dimensional summation ink space with a
one-dimensional integration with respect to the ener
which results in a large reduction of the required CPU tim
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According to Eq.~45! we can calculateDs, the amplitude
of s-wave pairing, as

Ds5 1
2Dk5052

1

2Nt(p,s s(
i51

4

a i~ep ,s! f @v i~ep ,s!#ep ,

~48!

where we have stressed the momentum dependence
throughek . The above equation can be rewritten using
features of the Dirac distributiond:

Ds52
1

2t(s sE
2`

`

(
i51

4

a i~e,s! f @v i~e,s!#e%~e!de, ~49!

where%(e) is the density of states for noninteracting ele
trons defined by

%~e!5
1

N(
k

d~e2ek!, ~50!

which is shown in Fig. 1.
Using the density of states%(e), Eq. ~44!, can be rewrit-

ten in an integral form

nA,s5E
2`

`

(
i51

4

b i~e,s! f @v i~e,s!#%~e!de. ~51!

Unfortunately, ford-wave pairing the symmetry of th
RVB order parameter does not allow us to do the same tr
formations and we have to solve the system of Eqs.~43! and
~44!. The amplitude ofd-wave pairingDd can be calculated
as

Dd5Dk5~p/a,0! , ~52!

whereDk is given by Eq.~46!. The system of equations fo
nA,s andDd can be rewritten in integral form as follows:

Dd5E E (
s

s(
i51

4

a i~kx ,ky ,s! f @v i~kx ,ky ,s!#g

3S kx2 p

a
,0Ddkxdky , ~53!

FIG. 1. Density of states for noninteracting particles on a tw
dimensional square lattice with nearest-neighbor hopping.
nly
e

-

s-

nA,s5E E (
s

s(
i51

4

b i~kx ,ky ,s! f @v i~kx ,ky ,s!#dkxdky .

~54!

A. Ground-state properties

In zero temperature the Fermi-Dirac distribution is d
scribed by the step functionQ(x). Then the ground state i
determined by the following system of equations:

Ds52
1

2tE2`

`

(
i51

4

$a i~e,↑ !Q@v i~e,↑ !#

2a i~e,↓ !Q@v i~e,↓ !#%e%~e!de, ~55!

nA,↑5E
2`

`

(
i51

4

b i~e,↑ !Q@v i~e,↑ !#%~e!de, ~56!

nA,↓5E
2`

`

(
i51

4

b i~e,↓ !Q@v i~e,↓ !#%~e!de, ~57!

which has been solved numerically form, Ds, and S
[ 1

2(nA,↑2nA,↓).
As the case ofd-wave pairing has been treated separat

because of its numerical complexity, states with mixeds-
andd-wave pairing are not allowed.

For all values of the ratioJ/t andn[(nA,↑1nA,↓) there
exist nonmagnetic (S50) solutions without RVB ordering
(Ds5Dd50). The regions where there exist solutions
other types@antiferromagnetism~AF!, s-wave,d-wave, AF1
s-wave# are presented in Fig. 2.

For J<t, s-wave pairing is allowed for a rather low hol
concentration~of the order of a few percent!, which agrees
with results of mean-field-type as well as cluster calcu
tions. However, this region is uninteresting for investigati
of the competition or possible coexistence of antiferrom
netism and superconductivity. One can see that antife
magnetic solutions exist only for a large~in comparison
with, e.g., mean-field calculations! J. Also, the solutions
with d-wave pairing appear only in the large-J region. These
results originate from a different treatment of the sing
occupancy constraint. In all mean-field-type approaches

- FIG. 2. Regions in theJ/t-n plane where there exist antiferro
magnetic,s-wave,d-wave, and antiferromagnetism1 s-wave solu-
tions.
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bandwidth is renormalized and tends to zero when the
tem becomes undoped. Thus the value of the exchange
rameterJ relative to the bandwidthW is proportional to
d21, J/W}J/dt, and tends to infinity when the system go
to the half-filling limit. This is not the case of the prese
approach. Equation~8!, which contains the main idea of thi
approach, does not lead to such a band narrowing. The b
is wider than within the mean-field-like approximations a
smaller values of the hopping integralt are enough to de
stroy the antiferromagnetic ordering. Thus, there is no sim
correspondence between the originalt-J model ~3! param-
eters and the parameters of the Hamiltonian~27!, especially
for small doping, when the influence of the hard-core pot
tial U8 @Eq. ~4!# is dominant.~The validity of the presen
approximation in this region is a separate problem and
be discussed later.! Therefore we prefer to considerJ/t as a
parameter of an independent Hamiltonian, not connected
equationJ/t54t/U with the HubbardU and t. Under such
an assumption one can study the effective Hamiltonian fo
arbitrary value ofJ/t, not only in the limit of smallJ/t, when
the t-J model is equivalent to the Hubbard one.

Figure 3 presents the dependence of the antiferromagn
order parameterS on the occupancy numbern for various
values of the ratioJ/t, whereas the RVB order paramete
Ds andDd in the cases of ‘‘pure’’s- andd-wave RVB states
are presented in Figs. 4 and 5, respectively.

FIG. 3. AF order parameterS as a function of the occupatio
numbern.

FIG. 4. Extendeds-wave RVB order parameter as a function
the occupation numbern.
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There exist also solutions with coexisting AF an
s-wave phases, represented by the solid lines in Fig. 6.

In the regions in theJ/t-n plane, where several solution
are found, the corresponding energies have to be comp
in order to determine the actual ground state. These ener
can be obtained integrating the chemical potential with
spect to the particle number

E5E
0

n

m~n8!dn8. ~58!

FIG. 5. d-wave RVB order parameter as a function of the occ
pation numbern.

FIG. 6. Extendeds-wave RVB~a! and AF~b! order parameters
in the case of the coexistence ofs-wave pairing and antiferromag
netism forJ/t510. The dotted lines show the values ofDs andS
for ‘‘pure’’ RVB and AF solutions.
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The comparisions betweens- andd-wave and between AF
ands-wave ground-state energies are given in Figs. 7 and
respectively.

Figure 9 shows the regions of stability of different sol
tions. We found that in the small-J limit the model exhibits
s-wave pairing only forn close to 1, whereas forJ.t,
s-wave pairing is allowed for arbitrary values ofn. Above
J/t;5 for n.0.7 the RVB state becomes unstable toward
phase transition to the AF ordering. Note that comparison
the energies does not allow the coexistence of antiferrom
netism ands-wave superconductivity.

Also, we have not found regions where thed-wave solu-
tion minimizes the energy.

Of course, the phase diagram is far from complete.
least the RVB phases with an order parameter of mixeds and
d types, which can be studied on an equal footing with
pure s- and d-wave pairing within the present approac
should be marked.

B. Finite-temperature results

The results from the previous section have been exten
to the case of finite temperature, by solving the system
Eqs.~49! and~51! with the Fermi function instead of the ste
function. The absence of regions with stabled-wave zero-
temperature solutions gives no motivation for finit
temperature calculations in thed-wave phase. Thus, we hav

FIG. 8. Comparision of ground-state energies betweens-wave
and AF phases.

FIG. 7. Comparision of ground-state energies betweens- and
d-wave phases.
8,

a
f
g-

t

e

ed
f

calculated only the Ne´el temperatureTN and the temperature
of the s-wave RVB transitionTRVB . The results are pre
sented in Figs. 10 and 11. Figure 12 shows the finite te
perature phase diagram forJ/t57.

Both critical temperaturesTRVB and TN increase mono-
tonically with occupation numbern ~excluding the case o
small J/t, when TRVB has a local minimum for
n50.1–0.2!, reaching the highest values forn51. For a low
band fillingTRVB is higher thanTN , whereas for high band
filling TRVB is lower thanTN . The situation resembles th
diagram of stability of the zero-temperature RVB and an
ferromagnetic phases~Fig. 9!. For n close to 1 the increase
of the critical temperatures is very rapid. Such a tende
results from the approximation applied within the prese
approach, which is invalid in the region where effects
localization dominate.

Note thatTRVB may be not equivalent to the superco
ducting critical temperatureTc , at least in some regions in
then-J/t plane. Since the exact scenario of superconduc
ity within the RVB approach is still an open question, o
should not directly compare this critical temperature with t
actually observed superconducting transition temperat
For instance, the RVB ordering can be present in undo
materials, whereas superconductivity has to vanish beca
of the lack of the charge carriers. Thus,TRVB different from
zero for n51 is not an unphysical result and does not e

FIG. 9. Zero-temperature phase diagram of thet-J model in the
present approximation. The dashed lines show the bounds o
regions where different solutions exist~the same as in Fig. 2!.

FIG. 10. Extendeds-wave RVB transition temperatureTRVB as
a function of the occupation numbern.
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cludeTc being equal to zero. See, for example, Refs. 17
18 and where the onset temperatures of the RVB (TRVB),
coherent motion of holons (TD), and the Bose condensatio
of holons (TB) are taken into account. The critical temper
ture of superconductivity is then chosen as the lowest
TRVB , TD , andTB , and is equal to zero forn51 despite
finite TRVB .

VI. PHASE SEPARATION

So far the stability of different phases was analyzed a
fixed concentration of holes. However, phases which are
solutely stable when the concentration of holes is fixed co
be unstable if one allows density fluctuations. Such a sit
tion was considered by Visher.23 He proposed that the Hub
bard model in the small-doping regime phase separates in
hole-rich phase and a hole-poor phase. This scenario
been recently revived as a generic feature of thet-J model
close to half-filling.24 This phase-separation state means t
all of the doped holes exist in one phase, while the ot
phase is the undoped pure antiferromagnetic Heisenberg
system. In high-Tc superconductors the macroscopic pha
separation has been observed in oxygen-doped La2CuO4
and in photodoped materials.25–28 In Ref. 24 a distinction
was made between two mechanisms leading to phase s
ration. WhenJ@t holes are segregated in order to spa
antiferromagnetic bonds breaking. On the other hand, in
small-J regime (J!t), the holes polarize ferromagnetical
the spin background in order to minimize their own kine
energy and are then collected in large ferromagnetic bubb
Since in the present approximation antiferromagnetism
pears for largeJ, one can expect that the first of the mech
nisms will produce phase separation. Such a phase separ
appears if the gain in exchange energy by adding an elec
to the antiferromagnetic phase outweighs the cost in kin
energy. Figures 7 and 8 show the ground-state energies
function of occupation numbern in the antiferromagnetic
and RVB cases calculated for spatially uniform phases.
fortunately, since our approximation is not valid in the ca
of n51, e.g., in the Heisenberg~hole-free! phase, it is not
possible to determine the bounds of the regions of a st
phase-separation state from this figure. However, it is ap
ent that the second derivative of the ground-state ene
E05E0(n) in both the phases~AF and RVB! is negative for

FIG. 11. Néel temperature as a function of the occupation nu
bern.
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n close to 1. This guarantees the presence of the phase s
ration. An argument going back to Maxwell and Gibbs29,30

asserts that the free energy of a system must always
convex function of density: Otherwise, one can always c
struct a phase-separated state of lower and convex free
ergy. The regions of upward concavity increase with the
crease of the value ofJ/t, and for large enoughJ/t is seems
that phase separation appears for an arbitrary hole conce
tion.

Of course phase separation may result from the simpli
of the model. If phase separation were to lead to the form
tion of highly charged regions, the Coulomb force wou
surely prevent its occurrence, but thet-J model does not
include intersite interactions. However, phase separa
could then take place if negatively charged ions also se
rate, compensating the hole-charge imbalance.

VII. DISCUSSION

Finally it is necessary to make some comments on
validity of the proposed approach to high-Tc systems. Let us
leave alone the debate on the question if thet-J model is
relevant to describe the low-energy properties of Cu2
planes.31–35 However, the approximation derived in th
work does not claim to be valid for arbitrary values of th
model parameters. It is a proposition how to approach
famous single-occupancy constraint beyond the slave
ticle ~SP! formalism. The approximation is based on th
electronic self-energy, used to renormalize the one-part
energiesek . The main difference between the proposed a
proximation and the SP approaches appears in the sm
doping regime. In the SP approaches the density of st
tends to the Dirac thed as the occupation numbern goes to
1 ~the bandwidth is proportional todt, where d[12n),
whereas in the present approximation the bandwidth rem
finite for an arbitrary hole concentration. Thus, in the ha
filling limit the Heisenberg model is not recovered. This is
result of the Hubbard III approximation, which does not r
produce the Curie law for the magnetic susceptibility, in t
Hubbard model with infiniteU for n51. This is the main
disadvantage of the proposed approximation, and one
expect a wrong behavior of the model in the small-dop
region ~unfortunately, a very interesting region!. Indeed,
Figs. 10 and 11 show a very strong increase of the crit
temperaturesTN andTRVB for n→1, whereasTN is expected
to be finite andTRVB is expected be finite or zero. It also ma

-
FIG. 12. Finite-temperature phase diagram forJ/t57.
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lead to such strong exchange interactions needed to ob
antiferromagnetism near half-filling.

Some improvement to the Hubbard III decoupling schem
has been made by Kawabata.36,37The improved Hubbard III
approximation was later applied to thet-J model,38,39 and it
can be the starting point for extending the validity of th
proposed approach to the nearly half-filled case.

The self-energy approach to the single-occupancy c
straint, adopted in the present work, modifies the one-parti
properties of electrons, and hence could be applied only
the kinetic term of thet-J Hamiltonian. Therefore, we were
not able to treat both the kinetic and exchange parts at
same level, restricting the treatment of the exchange term
the mean-field approximation. However, since theJ term
does not change the number of electrons at a given site,
do not expect that this approach results in the violation of t
single-occupancy constraint.
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APPENDIX: GREEN’S FUNCTIONS K AND N

Generally, the Green’s functionsKs(k,v) and
Ns(k,v), calculated from Eq.~28!, are very complicated
quantities. However, restricting magnetic solutions to an a
tiferromagnetism, we can use the following symmetries
order to simplify these functions:

nA,s5nB,2s5ns , Dk5D2k , ek5e2k . ~A1!

Then,Ks(k,v) andNs(k,v) can be expressed as follows:

Ks~k,v!5
( i50
2 a i ,sv i

( i50
4 d i ,sv i , ~A2!

Ns~k,v!5
( i50
3 b i ,sv i

( i50
4 d i ,sv i , ~A3!

wherea is , b is , andd is are given by

a0,s5ek
2
1

A2
JDk1

1

4
J3Dk

31
1

A2
JDkS m1

1

2
zJnsD 2,

~A4!

a1,s52ek
1

A2
JDk

n

22n
, ~A5!

a2,s5
1

A2
JDkF S n

22nD
2

21G , ~A6!
in

e

n-
le
to

e
to

e
e

B

-
n

b0,s5
1

2
J2Dk

2S m1
1

2
zJnsD1S m1

1

2
zJn2sD 2

3S m1
1

2
zJnsD2ek

2S m1
1

2
zJn2sD , ~A7!

b1,s52ek
22

1

2
J2Dk

22S m1
1

2
zJn2sD 2

22ekS m1
1

2
zJn2sD n

22n
, ~A8!

b2,s52S m1
1

2
zJn2sD22ek

n

22n

2S m1
1

2
zJn2sD S n

22nD
2

, ~A9!

b3,s512S n

22nD
2

, ~A10!

d0,s5ek
41ek

2J2Dk
21

1

4
J4Dk

41
1

2
J2Dk

2S m1
1

2
zJn2sD 2

22ek
2S m1

1

2
zJn2sD S m1

1

2
zJnsD1

1

2
J2Dk

2

3S m1
1

2
zJnsD 21S m1

1

2
zJn2sD 2S m1

1

2
zJnsD 2,

~A11!

d1,s54ek
n

22n Fek21 1

2
J2Dk

2

2S m1
1

2
zJn2sD S m1

1

2
zJnsD G ~A12!

d2,s56ek
2S n

22nD
2

22ek
22J2Dk

22S m1
1

2
zJn2sD 2

2S m1
1

2
zJnsD 21J2Dk

2S n

22nD
2

2 2S m1
1

2
zJn2sD

3S m1
1

2
zJnsD S n

22nD
2

, ~A13!

d3,s54ek
n

22n F S n

22nD
2

21G , ~A14!

d4,s5F S n

22nD
2

21G2. ~A15!

It is possible to find analytical forms of the poles and t
residua ofKs(k,v) andNs(k,v), but the fastest way is to
do it numerically, and such a method was used in the pres
calculations.
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