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Critical field in a superconductivity model with local pairs
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We analyze the role of Zeeman and orbital pair breaking mechanisms in models which are appropriate for
short coherence length superconductors. In particular, we investigate attractive Hubbard and pair hopping
models. The orbital pair breaking mechanism dominates in the majority of models withs-wave andd-wave
superconducting order parameters. On the other hand, the repulsive pair hopping interaction leads toh type of
pairing that is stable against the orbital pair breaking. External magnetic field reduces this type of pairing
predominantly due to the Zeeman coupling. According to recent experiments this mechanism is responsible for
closing of the pseudogap. Moreover, the temperature dependence of the gap closing field inh phase fits
experimental data accurately. We discuss whether the preformed pairs in theh phase could be responsible for
the pseudogap phenomenon.

DOI: 10.1103/PhysRevB.69.054502 PACS number~s!: 74.25.Ha, 74.20.2z, 74.20.Rp
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I. INTRODUCTION

For almost 20 years after the discovery of hig
temperature superconductors~HTSC’s! the mechanism re
sponsible for their unusual properties remains unclear.
complex phase diagram of HTSCs suggests that there ma
no single mechanism that dominates over the entire dop
range. In particular, the normal-state properties in und
doped and overdoped regimes are different. Highly ov
doped compounds in the normal state exhibit some pro
ties of Fermi liquid, whereas the superconducting state m
be described within the weak-coupling BCS theory.1 On the
other hand, in the underdoped regime the HTSC’s exh
unconventional features. The most remarkable of them
the extremely short coherence length and a pseudogap
opens in the normal state. Presence of the pseudogap
been confirmed by means of various experimental techniq
such as angle-resolved photoemission,2–4 intrinsic tunneling
spectroscopy,5,6 nuclear-magnetic-resonance,7,8 infrared,9

and transport10 measurements. Although there is no compl
theoretical description of the pseudogap, one usually con
ers this phase as a precursor of the superconductivity.
cording to such a hypothesis formation of Cooper pairs st
at temperatureT* , higher than the superconducting tran
tion temperatureTc . At Tc , these preformed pairs underg
Bose-Einstein condensation.

Recent observations of a vortexlike Nernst signal ab
Tc ~Ref. 11! seem to confirm this hypothesis. This sign
evolves smoothly into the analogous signal below the su
conducting phase transition.12 The Meissner effect does no
occur in the pseudogap phase due to strong phase flu
tions rather than due to vanishing of the superfluid dens
Therefore, theoretical description of the suppression of
Meissner effect requires an approach beyond the mean-
level. Despite the absence of the Meissner effect aboveTc ,
one can observe inhomogeneous magnetic domains tha
recognized as precursors to the Meissner state.13 This can be
interpreted in terms of phase fluctuations of the local or
parameter.14

The short coherence length indicates that the pairing ta
place in the real space, leading to bosonlike objects. A
models are commonly used to describe systems with lo
0163-1829/2004/69~5!/054502~7!/$22.50 69 0545
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pairs; namely, the attractive Hubbard~AH! model,15

fermion-boson,16 and purely bosonic models,17 as well as the
Penson-Kolb~PK! model,18 i.e., the tight-binding model with
local pair hopping. These models should be considered as
effective approaches which do not explain the microsco
origin of the pairing interaction.

Another unusual property of HTSC’s is related to the
behavior in the external magnetic field. In particular, te
perature dependence of the upper critical fieldHc2 has a
positive curvature19,20 contrary to classical superconductor
where a negative curvature is observed. Moreover,Hc2 does
not saturate even at genuinely low temperature. Rec
experiments21 show that also the pseudogap is destroyed
sufficiently high magnetic fieldHpg. Although the tempera-
ture dependence ofHpg has a negative curvature, it signifi
cantly differs from the predictions of the standard Helfan
Werthammer theory;22 namely,Hpg(T) has a large slope a
temperatures close toT* and saturates already atT
.0.7T* . These features may help in verification of the pr
formed Cooper pairs hypothesis and, more generally,
choose the most appropriate model of HTSC’s.

II. MODEL

In the present paper, we show that opening of
pseudogap and its dependence on the magnetic field ca
described within a model with local pair hopping. Our sta
ing point is the two-dimensional~2D! Penson-Kolb model
with the Hamiltonian given by

H5 (
i , j ,s

t i j e
iF i j cis

† cj s1(
is

~gmBHzs2m!cis
† cis

2
1

2
J(

^ i , j &
e2iF i j ci↑

† ci↓
† cj↓cj↑ , ~1!

where cis
(†) creates~annihilates! an electron with spins at

site i, t i j is the single electron hopping integral between si
i and j, m is the chemical potential, andJ is the nearest-
neighbor pair hopping interactions. The external magne
field perpendicular to the lattice,Hz , shifts the energy levels
by gmBHzs (g denotes gyromagnetic ratio andmB is Bohr
©2004 The American Physical Society02-1
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magneton! and modifies the hopping terms. The sing
electron hopping integral acquires the Peierls factor

F i j 5
e

\cERj

Ri
A•dl, ~2!

whereas the phase factor in the pair hopping term is tw
larger.

The Penson-Kolb model can be derived from a gene
microscopic tight-binding Hamiltonian23 where the Coulomb
repulsion may lead to the pair hopping interaction. In suc
caseJ is negative~repulsive Penson-Kolb model!. However,
we assumeJ to be an effective parameter that can be ne
tive as well as positive. It can be explained as a resul
renormalization originating, e.g., from electron-phon
coupling.24 For a nonzero single-electron hopping integr
J→2J is not a symmetry of the PK model.25 However, su-
perconducting correlations occur in the Penson-Kolb mo
for attractive pair hopping interaction (J.0) as well as for
the repulsive one (J,0), provideduJu is large enough. The
latter case is usually referred to ash-type pairing when the
total momentum of the paired electrons isQ5(p,p) and the
phase of superconducting order parameter alters from
site to the neighboring one. It has been shown that flux qu
tization and Meissner effect appear in this state.26 Supercon-
ductivity survives also in the presence of on-site Coulo
repulsion~Penson-Kolb-Hubbard model!, provided that this
interaction is not too strong.27

A. Density of states

At the mean-field level, forJ.0 one obtains an isotropi
superconducting gap, identical to the one obtained for
AH model. On the other hand, in the case ofh-type pairing
(J,0), the density of states is finite for arbitrary energ

FIG. 1. Density of states for the Penson-Kolb model in theh
phase. We have usedt8520.25t, J,0, and m520.75t. The
curves from the topmost to the lowest correspond to the value
the order parameteruJDu/t50,0.1, . . . ,1. Thedashed line indicates
the Fermi level.
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However, the density of states at the Fermi level may sign
cantly be suppressed for some dopings. In case of
nearest-neighbor one-particle hopping the density of state
the h phase is of the form

r~v!5
1

2 S 12
m

m̃
D r0~v2m̃ !1

1

2 S 11
m

m̃
D r0~v1m̃ !.

~3!

In Eq. ~3! m̃5Am214uJDu2, D[(21)i^ci↓ci↑& denotes the
h phase order parameter, andr0 denotes the density of state
for m5D50. One can see from Eq.~3! that the quasiparticle
poles split whenD becomes finite. Therefore, a local min
mum in the density of states may occur at the Fermi surfa
Despite the presence of this minimum the density of state
the Fermi level remains finite, provided thatm̃ is small when
compared to the bandwidth. The true gap opens for m
stronger pair hopping interaction, as can be inferred from
~3!. Inclusion of the next-nearest-neighbor hoppingt8 leads
to a more complicated expression for the density of sta
However, the structure ofr in the h phase remains un
changed. Figure 1 shows the density of states calculated
t8Þ0 and different values of theh-phase order paramete
Gradual decrease ofr at the Fermi level resembles openin
of the pseudogap in HTSC’s.

Another feature that could speak in favor of this interp
tation is anisotropy of the gap.3 More precisely, fort8Þ0 the
magnitude of splitting of the quasiparticle peaks depends
the direction in the Brillouin zone. The splitting of the spe
tral functions is presented in Fig. 2. As we consider isotro
order parameter the splitting is finite everywhere at the Fe
level, contrary to a purelyd-wave gap.

of

FIG. 2. The spectral functions in various points at the Fer
surface. We have used the same model parameters as in Fig. 1
position of pointsA andB is depicted in the inset. The continuou
curve corresponds to the caseD50, whereas the dashed lines ha
been obtained foruJDu/t50.5.
2-2
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B. Response to magnetic field

In contradistinction to the AH model, the external ma
netic field explicitly enters the term responsible for sup
conductivity, i.e., the pair hopping interaction. Therefore,
differences between AH and PK models may show up in
electromagnetic properties.28 We investigate the temperatur
dependence of critical fieldHcrit . It is defined as the highes
magnitude of the magnetic field, for which there exists
nonzero solution for the superconducting order paramete

D i5^ci↓ci↑&. ~4!

We carry out calculations at the mean-field level negle
ing phase fluctuations and short-range correlations. Suc
analysis of the PK model becomes exact in the limit of in
nite dimension. In the present case it is impossible to de
mine the phase coherence of the Cooper pairs, and the p
cal interpretation of the critical field is not unique. In th
strongly overdoped regime of cuprates, where the pseudo
does not appear, it can correspond to the upper critical fi
On the other hand, for underdoped systems, and within
precursor scenario of pseudogap, it can be interpreted
Hpg, i.e., the field at which the incoherent pairs appear.
the regime betweenHc2 andHpg, strong thermal and quan
tum fluctuations are present.29 The role of phase fluctuation
in the attractive PK model has been analyzed within
Kosterlitz-Thouless scenario.28 In this approach the phas
coherence sets in at temperature lower than the critical t
perature obtained from the mean-field approximation. We
fer to Ref. 28 for a thorough investigation of these tempe
tures carried out in the absence of diamagnetic pair brea
mechanism. The lower temperature is interpreted as a tra
tion temperature between the pseudogap and supercon
ing phases.

For the sake of simplicity we define

D i5
1

2 ( 8
j

e2iF i j D j , ~5!

where the prime denotes that the summation is carried
over the nearest neighbors of sitei. Then, the mean-field
Hamiltonian takes on the following form:

H5 (
i , j ,s

t i j e
iF i j cis

† cj s1(
is

~gmBHzs2m!cis
† cis

2J(
i

~ci↑
† ci↓

† D̃ i1H.c.!. ~6!

At the mean-field level, the only difference between PK a
AH models is the presence ofD̃ i in Eq. ~6! instead ofD i .
Therefore, in order to calculate the critical field one can f
low an approach that has previously been developed for
lattice gas with on-site attraction.30 Then, one ends up with
the lattice version of the Gor’kov equations:

D i5
J

b (
j ,vn

D̃ jG~ i , j ,vn!G~ i , j ,2vn!. ~7!

G( i , j ,vn) denotes the one-electron Green’s function in
presence of a uniform and static magnetic field.vn denotes
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the fermionic Matsubara frequency. Using Eq.~5! one can
eliminateD̃ i from the Gor’kov equations. Then,Hcrit(T) can
be calculated from

D i5
J

2b (
^ j ,l &,vn

e2iF l j D jG~ i ,l ,vn!G~ i ,l ,2vn! ~8!

or

D i5
2J

2b (
^ j ,l &,vn

~21! j 1 le2iF l j D jG~ i ,l ,vn!G~ i ,l ,2vn!.

~9!

Equations~8! and ~9! are equivalent since (21) j 1 l521,
for the neighboring sitesj and l. However, it is more conve-
nient to use the first~second! of them for attractive~repul-
sive! pair hopping interaction.

In the following we consider only nearest-neighbor on
particle hopping integralt and we use the Landau gaugeA
5Hz(0,x,0). The Harper equation

g~ p̄x ,py ,x11!12 cos~hx2pya!g~ p̄x ,py ,x!

1g~ p̄x ,py ,x21!

5t21E~ p̄x ,py!g~ p̄x ,py ,x!, ~10!

determines eigenvaluesE( p̄x ,py) of the one-particle hop-
ping term. The corresponding eigenstates are enumerate
p̄x ,py and are of the form

Ux,y~ p̄x ,py!5eipyyag~ p̄x ,py ,x!. ~11!

In the above expressionx,y are integers which enumerat
lattice sites inx̂ and ŷ directions, whereash/(2p) is a ratio
of the flux through a lattice cell to one flux quantum. W
refer to Ref. 30 for the details.

The one-electron Green’s function can be expressed w
the help of eigenvalues and eigenstates of the normal-s
Hamiltonian. Then, the summation over Matsubara frequ
cies in Eqs.~8! and ~9! can be explicitly carried out. In the
Landau gauge, the presence of magnetic field does
change the plane-wave behavior inŷ direction@see Eq.~11!#.
Therefore, the superconducting order parameter depe
only onx and pairing of electrons takes place for the samŷ
components of momenta as in the absence of magnetic fi
i.e., (py ,2py) for J.0 and (py ,p2py) for J,0. Taking
these features into account, one can rewrite the Gor’
equations for the attractive,

Dx85
J

2AN
(

x
Dx (

py ,p̄x ,k̄x

x~ p̄x ,py ,k̄x ,2py!

3@2 cos~2hx!g~ p̄x ,py ,x!g~ k̄x ,2py ,x!

1g~ p̄x ,py ,x11!g~ k̄x ,2py ,x11!1g~ p̄x ,py ,x21!

3g~ k̄x ,2py ,x21!#g~ p̄x ,py ,x8!g~ k̄x ,2py ,x8!,

~12!

as well as for the repulsive pair hopping interaction,
2-3
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Px85
2J

2AN
(

x
Px (

py ,p̄x ,k̄x

x~ p̄x ,py ,k̄x ,p2py!

3@2 cos~2hx!g~ p̄x ,py ,x!g~ k̄x ,p2py ,x!

2g~ p̄x ,py ,x11!g~ k̄x ,p2py ,x11!

2g~ p̄x ,py ,x21!g~ k̄x ,p2py ,x21!#

3g~ p̄x ,py ,x8!g~ k̄x ,p2py ,x8!. ~13!

Here, Px[Dx,y(21)y and the Cooper pair susceptibilit
x( p̄x ,py ,k̄x ,ky) has the following form:

x~ p̄x ,py ,k̄x ,ky!5F tanh
E~ p̄x ,py!2m2gmBHz

2kBT

1tanh
E~ k̄x ,ky!2m1gmBHz

2kBT
G

3$2@E~ p̄x ,py!1E~ k̄x ,ky!22m#%21.

~14!

The above formulas determine the strength of magn
field at which the local pairing disappears. We have carr
out calculations for 1503150 cluster with periodic boundar
conditions~bc! along theŷ axis. As the Landau gauge brea
the translation invariance alongx̂ axis, we have used fixed b
in this direction. As our previous calculations suggest suc
size of cluster is sufficient to obtain convergent results.30 The
calculations are carried out at the mean-field level and, th
fore, we restrict ourselves only to model parameters
which the critical temperaturekBTcrit is much less than the
Fermi energy.

Figure 3 shows the temperature dependence ofHcrit ob-
tained for attractive and for repulsive pair hopping intera

FIG. 3. Temperature dependence ofHcrit for t850 andm50.
Continuous curve has been obtained for the PK model withJ5
21.56t (h-type pairing!. The dashed line corresponds to the attra
tive pair hopping interactionJ50.5t. The dotted line shows the
critical field in the AH model withU5t.
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tion. These results are compared withHcrit(T) calculated
from the 2D AH model30 with U52t. We have adjusted the
strength of the pair hopping interaction to obtain the sa
critical temperature in the absence of magnetic field. FoJ
.0, Hcrit(T) in PK model is very close to that of AH mode
It means that in the case ofs-wave pairing the Peierls facto
in the pair hopping term leads only to a small decrease
superconducting correlations. The differences between
attractive PK and AH models show up for stronger pairin
However, this requires investigation beyond the mean-fi
level. In the absence of magnetic field, the transition te
perature in the PK model increases monotonically withJ,
whereas in the AH modelTc has a maximum for some finite
U ~cf. Fig. in Ref. 28!. On the other hand, the temperatu
dependence ofHcrit in the h state differs qualitatively from
thes-wave case; namely,Hcrit(T) has a very large slope for
weak magnetic field and saturates already at relatively h
temperature. Such a behavior of the critical field resemb
Hpg(T) that has recently been observed
Bi2Sr2CaCu2081y .21 At the end of this section, we compar
our results with the experimental data.

Within the Helfand-Werthammer theory, the temperatu
dependence of critical field is predominantly determined
the diamagnetic pair breaking mechanism. The Zeeman c
pling becomes important only for sufficiently strong ma
netic field. This feature holds also in the case of the latt
gas.31 In order to investigate the role of the Zeeman a
orbital couplings in the PK model, we have repeated o
calculations in the absence of the Zeeman term. The resu
Hcrit(T) is shown in Fig. 4.

In contradistinction to thes-wave superconductivity, the
diamagnetic pair breaking is of minor importance in the ca
of h-pairing. This feature is responsible for extremely hi
values ofHcrit in the absence of Zeeman term~see Fig. 4!.
Experimental investigations21 show that the pseudogap clo
ing field scales linearly withT* . In Ref. 21 the value of the
scaling factor has been interpreted in favor of the Zeem

-

FIG. 4. Hcrit(T) calculated for attractive and repulsive PK mod
with and without the Zeeman coupling. We have used the sa
model parameters as in Fig. 3.
2-4
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coupling as a mechanism that closes the pseudogap. This
breaking mechanism dominates also in the case ofh pairing.

In order to explain the different role of Zeeman coupli
for h ands-wave pairings one can recall the argumentat
presented in Ref. 32; namely, this difference can be un
stood on the basis of the densities of states in these phas
the regime of a weak magnetic field and low temperat
(mBH,kBT!uJDu) s-wave state is essentially unaffected
the Zeeman coupling~at zero temperature the gap functio
and the ground state are completely unaffected!. Due to a
finite gap, the occupation of quasiparticle states at the Fe
level remains small. On the other hand, the density of st
in theh phase is always finite, provided the pairing potent
is not too strong. Therefore, for arbitrary weak magnetic fi
there are electrons with energetically favorable spin polar
tion. Similar argumentation also holds for the different r
sponse ofs anddx22y2 superconductors to the Zeeman ma
netic field.32 The dx22y2-wave gap vanishes at four nod
points on the Fermi surface only. Therefore, the difference
the sensitivity to the Zeeman field betweens andh phases is
much bigger than betweens anddx22y2 phases.

Since the diamagnetic pair breaking mechanism is in
fective in theh-pairing state, we restrict further discussion
the Zeeman mechanism only. This allows us to avoid pr
lems connected with the numerical solution of the Har
equation. In such a case, one can easily evaluate the
energy below the transition temperature and discuss de
of the phase transition.

In Fig. 5 we show that our results fit very well th
pseudogap closing field reported in Ref. 21. The seco
order phase transition separates theh-paired state and nor

FIG. 5. Fit of the theoretical results to the experimental data
the pseudogap closing fieldHpg(T) ~Ref. 21!. The line represents
Hcrit(T) calculated for the repulsive pair hopping interaction w
the Zeeman term only. The continuous~dashed! line corresponds to
second-~first-! order phase transition. The inset illustrates the ju
of the order parameter at the phase transition. We have used
same model parameters as for theh pairing in Fig. 3. The dotted
line showsHcrit(T) calculated for the AH model without the dia
magnetic pair breaking. Here, forT/Tcrit,0.6 the transition is of the
first order.
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mal state for a weak magnetic field. In this regimeHcrit has
been calculated from a self-consistent BCS-like equati
Below T/Tcrit(0).0.6 the phase transition is of the first o
der, and the phase boundary has been determined by a
parison of the free energy in the normal and paired state.
worth mentioning that the experimental results concern
Hpg.60 T have been obtained from extrapolation of t
lower-field data.21

Hcrit obtained in the AH model also fits the experimen
data, provided the diamagnetic pair breaking is switch
off.33 In such a case, all the considered models give rise
similar temperature dependence ofHcrit . The dotted line in
Fig. 5 represents results fors-wave pairing.Hcrit(T) for
d-wave pairing is almost the same. Note that difference
tween both pairing symmetries becomes important in
presence of diamagnetic pair breaking.30 One can see tha
various models may reproduceHpg(T), provided this pair
breaking is switched off. However, neglecting this mech
nism is justified in the case ofh pairing only. In the case of
s- or d-wave pairing the diamagnetic pair breaking dom
nates and, therefore, one should find an additional mec
nism ~or a specific regime! that makes the diamagnetic pa
breaking ineffective. Otherwise AH and attractive PK mod
lead toHcrit(T) that significantly differs fromHpg(T), as can
be inferred from Figs. 3 and 5.

Most of the results presented in this section have b
obtained for the half-filled band. The inset in Fig. 6 sho
the mean-field transition temperatureTcrit as a function of the
occupation numbern obtained in the absence of magne
field. One can see that for realistic values of the transit
temperatureh phase occurs only in the vicinity of half fill-
ing, e.g., forJ.21.8t this phase vanishes for the occupati
numbernc slightly below 0.9. This feature remains in qua
tative agreement with the generic phase diagram of highTc
superconductors, where the pseudogap phase does not

r

the

FIG. 6. Hcrit(T) for n50.95 ~solid lines! and n50.9 ~dashed
lines! calculated without~lines A) and with ~lines B) the diamag-
netic pair breaking. The inset in Fig. 6 shows the mean-field tr
sition temperatureTcrit as a function of the occupation numbe
J521.8t has been assumed.
2-5
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in strongly overdoped regime. In Fig. 6 we showHcrit calcu-
lated away for half filling. As is visible, for small doping th
temperature dependence ofHcrit is qualitatively the same
Comparison ofHcrit calculated in the presence and absen
of the diamagnetic pair breaking shows that this mechan
is ineffective for this doping~see solid lines!. However, for
doping close tonc this pair breaking becomes important~see
dashed lines!.

As superconductivity does not occur in exactly tw
dimensional systems, one assumes the existence of a
interplane coupling. When the electrons are not confined
planes the fractal structure of the Hofstadter butterfly
disturbed.34 The electron movement along the magnetic fie
is not affected by the field. As a result, the Hofstadter s
bands broaden and some of them may overlap. A sim
broadening may be induced by disorder.35 For a strong mag-
netic field there are only few subbands in the spectru
Then, a relatively large interplane hopping integral is nee
to close gaps between subbands. On the other hand, fo
alistic values of the magnetic field there is a huge numbe
very narrow subbands and much weaker interplane coup
may close the gaps. However, this broadening of the H
tadter subbands does not lead to a substantial modificatio
our results due to the fact that the energy spectrum enter
Gor’kov equations through the Cooper pairs’ susceptibil
Although, the Cooper pairs’ susceptibility is strongly peak
at the Fermi level, the eigenstates with energies of the o
of kBT ~with respect to the Fermi level! give a comparable
contribution to the gap equation. Since the number of s
bands within the energy rangekBT is already very large, the
influence of a weak interplane coupling may be negligib
The importance of the interplane coupling increases at ge
inely low temperatures~i.e., for high magnetic field! when
only few subbands are located withinkBT range. However,
the present approach is not applicable in this regime.30 The
above argumentation may not hold in the case of cohe
interlayer tunneling of Cooper pairs. In multilayer HTSC
this mechanism may amplify superconductivity and enha
the superconducting transition temperature.36 The onset of
the Cooper pair tunneling by the Josephson mechanism aTc
may lead to the decrease of the out-of-plane kinetic ene
However, this mechanism should not affectT* , which is
related to the occurrence of incoherent Cooper pairs.

III. SUMMARY

Summarizing, we have investigated the PK model w
attractive as well as repulsive pair hopping interaction.
have shown that the repulsive pair hopping term may lea
the occurrence of local minimum in the density of sta
which is characteristic for the pseudogap phase of un
doped cuprates. It originates from the splitting of the qua
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data for the pseudogap closing field. These features do
occur for attractive pair hopping interaction. In this case,
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Our approach to the critical field accounts for both Ze
man and diamagnetic pair breaking mechanisms. In the c
of s-wave pairing inclusion of the Zeeman coupling does n
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this paper.
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